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INVOLUTIONS ON ALGEBRAIC SURFACES AND THE GENERALISED
BLOCH’S CONJECTURE
KALYAN BANERJEE
ABSTRACT. In this note we are going to consider a smooth projective
surface equipped with an involution and study the action of the invo-
lution at the level of Chow group of zero cycles.
1. INTRODUCTION
In this note we want to consider the generalised Bloch conjecture [Vo]
[conjecture 11.19], which says that the action of a degree two correspon-
dence on the Chow group of zero cycles on a smooth projective surface
is determined by its cohomology class in H4(S×S,Z). This is equivalent
to the following: let Γ be a correspondence of codimension 2 on S ×T
where S,T are smooth projective surfaces over the field of complex num-
bers. Suppose that Γ∗ vanishes on H0(T,Ω2
T
) then the homomorphism
Γ∗ from CH0(S) to CH0(T ) vanishes on the kernel of the albanese map
albS :CH0(S)→ Alb(S).
In [Voi], the conjecture was proved for a symplectic involution on a K3
surface. In this paper the author consider an automorphismof order two
i of the givenK3 surface, such that i∗ acts as identity on globally holomor-
phic 2-forms, then i∗ acts as identity on CH0 of the K3 surface. Also the
similar question was considered in [G] for intersection of quadrics and
cubics in P4 which are examples of K3 surfaces. Also in [HK] the question
was considered and proved for certain examples of K3 surfaces equipped
with a symplectomorphism.
In this note we prove the following theorem:
Let S be a smooth surface admitting a 2 : 1 map f to a surface F ad-
mitting an elliptic pencil such that the corresponding Jacobian fibration J
admits an ample line bundle L such that the genus of the curves in |L| are
bounded by some positive integer n0. Let i be the involution on S arising
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from the 2 : 1map. Then the group of invariants of A0(S), given by
{z ∈ A0(S) : i (z)= z}
is finite dimensional.
Our method of proof goes in the line of the proof of Bloch’s conjecture
for surfaces not of general type with pg = 0 as in [BKL] and of the argu-
ments present in [Voi].
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We assume that the ground field is algebraically closed and of characteristic
zero.
2. THE BLOCH-KAS-LIEBARMAN TECHNIQUE
In this section we prove the following theorem:
Theorem 2.1. Let S be a smooth surface admitting a 2 : 1map f to a sur-
face F admitting an elliptic pencil such that the corresponding Jacobian
fibration J admits an ample line bundle L such that the genus of the curves
in |L| are bounded by some positive integer n0 . Let i be the involution on
S arising from the 2 : 1map. Then the group of invariants of A0(S), given
by
{z ∈ A0(S) : i (z)= z}
is finite dimensional.
Proof. To prove that the group of i-invariants of the Chow group of de-
gree zero cycles of S, we follow the Bloch-Kas-Lieberman technique as
presented in [BKL]. First consider the pencil of elliptic curves on the sur-
face F . That is a map from F 99K L, where L is isomorphic to P1.
Suppose that a pencil of curves on a surface F can be given by choosing
a projective line L in P(H0(F,D)) := |D|, whereD is a line bundle on F . So
every element t of this projective line gives rise to a global section σt of
D, which is non-zero and well-defined upto scalar multiplication. Let
Ft be the curve in F defined by the zero locus of σt . Now let σ0,σ∞ be
two linearly independent global sections spanning the two dimensional
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vector subspace of H0(F,D), underlying the line L. Then any element σt
in this vector space look like σ0+ tσ∞. Now the rational map F → L is
defined by
x 7→ [σ0(x) :σ∞(x)]
and it is not defined along the common zero locus of σ0 = σ∞ = 0. Con-
sider the surface
F˜ = {(x, t ) ∈ F ×L|x ∈ Ft }
this is nothing but the blow-up of F along the base locus of the above
rational map. Then sending (x, t ) to t defines a regular map from F˜ to
L. That is we blow up the base locus of the rational map F 99K L. Now
consider the pull-back of F˜ → F to S, call it S˜. Then S˜ is nothing but the
blow up of S along the base locus of the rational map S 99K L. Observe
that fixing a point 0 in on F , which is in the base locus of the pencil, we
have a section of F˜ → L given by t 7→ (0, t ). Let us continue to denote the
map from S˜ to F˜ by f .
Consider the Jacobian fibration J→ L corresponding to F˜ → L. Now fix
a smooth hyperplane section Y of F˜ under the embedding of F˜ in some
PN . Let pi be the morphism from S˜→ L and pi′ is from F˜ → L. Let us have
Y ∩pi′−1(t )=
n∑
i=1
pi (t )
Then we have a map g from S˜ to J
q 7→ albt (n f (q)−
∑
i
pi (pi(q)))
where albt is the Albanese map from Ft to Jt , t = pi(q). It is defined be-
cause the pencil F˜ → L has a section. This map is dominant as it is domi-
nant on fibers.
Now we recall the notion of finite dimensionality in the sense of Roit-
man [Ro2]: Consider a correspondence Z on S×S, then the image of Z∗
from A0(S) to A0(S) is said to be finite dimensional if there exists a smooth
projective varietyW and a correspondence Γ onW ×S such that the im-
age of Z∗ is contained in the set:
{Γ∗(w)|w ∈W } .
Lemma 2.2. Let the image of λg∗ be finite dimensional in the above men-
tioned sense. Then the group of invariants under the action of i , in A0(S)
is finite dimensional.
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Proof. Theproof of this lemma follows by arguing as in [BKL][proposition
4]. To prove the claimwe have to understand the quasi-inverse of g given
by a correspondence on S˜× J . Let α belong to J that lies over t ∈ L. View
α as a zero cycle on Jt , that is it is an element in Pic
0(Jt ) (by using the sec-
tion for the Jacobian fibration). Since Pic0(Jt ) is isomorphic to Jt , there is
a unique point in qi (t ) on Ft such that qi (t )−pi (t ) is rationally equivalent
to α. Now f −1(qi (t ))= {q
′
i
(t ),q ′′
i
(t )}, f −1(pi (t ))= {p
′
i
(t ),p ′′
i
(t )}. So we can
define λ to be
α 7→
∑
i
(q ′i (t )+q
′′
i (t ))− (p
′
i (t )+p
′′
i (t )).
Let q − p be a zero cycle where q,p are closed points on S˜. Then we
compute λg∗(q−p+ i (q −p)). We have by definition
g∗(q+ iq −p− ip)= n f∗(q+ iq −p− ip)−
n∑
i=1
2(pi (pi(q))−pi (pi(p)) ,
let f(q)= q
′, f (p)= p ′. Then
λg∗(q+ iq −p− i (p))=λ[(2nq
′
−2np ′)− (2
n∑
i=1
(pi (pi(q)))−pi (pi(p)))]
which can be re-written as
2
n∑
i=1
λ(q ′− (pi (pi(q))))+λ(p
′
− (pi (pi(p)))) .
Now λ(q ′−(pi (pi(q))))= (q+ iq−p
′
i
(pi(q))−p ′′
i
(pi(q))). Therefore λg∗(q+
iq −p− i (p)) is equal to
2n(q+ i (q)−p− i (p))−a
where a is a zero cycle supported on Y ′ = f −1(Y ). So for general hyper-
plane section Y of F˜ , we have Y ′ a smooth projective curve. Therefore by
Chowmoving lemma, for any zero cycle z of degree zero on S˜, we have
2n(z+ i z)−λg∗(z) ,
is supported on the Jacobian of Y ′. Suppose that we can prove that the
image of λg∗ is finite dimensional in the sense that there exists a smooth
projective varietyW and a correspondence Γ onW ×S, such that the im-
age of λg∗ is contained in the set
{Γ∗(w) :w ∈W } .
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Then we get that 2n(z+ i z) is supported on J (C ) for a smooth projective
curveC . TensoringwithQwe get that z+i z is supported on J (C )⊗ZQ. So
it means that the group A0(S˜)
i of i-invariant elements in A0(S˜), is finite
dimensional (rationally): in the sense that there exists a smooth projec-
tive curveC , and a correspondence Γ onC×S˜ such thatΓ∗ from J (C )⊗ZQ
to A0(S˜)
i ⊗ZQ is surjective. Then by lemma 3.1 in [GG] it follows that the
group of i-invariant elements of A0(S˜) is finite dimensional. Since S˜ is a
blow-up of S and finite dimensionality is a birational invariant, we have
the group of i-invariant elements of A0(S) is finite dimensional. 
Now we prove the following:
Lemma 2.3. Let S˜,F be as above and F is equipped with an elliptic pencil
on it. Suppose there exists L on J ample and the genus of the curves in |L|
are bounded by some integer n0. Let λ,g be as above. Then the image of
λg∗ is finite dimensional.
Proof. Consider the symmetric power SymmS˜. Now given a zero cycle of
the form q −p on S˜, we have each of q,p belongs to a unique fiber for a
general q,p. Let us fix a point p0 which belongs to the exceptional locus
of the blow up S˜ → S. Then p0 belongs to all the fibers of the fibration
S˜→ L. Then write q −p = q −p0− (p −p0). Now consider the map from
Symm S˜ to A0(S˜), given by∑
j
P j 7→
∑
j
n((P j −p0)+ i (P j −p0)) .
Now by the above we have that
(P j −p0)+ i (P j −p0)
belongs to the Jacobian J (Ct ), such that P j ,p0 belongs toCt . Actually
(P j −p0)+ i (P j −p0)
lands inside the i-invariant part of the involution on J (Ct ), denote it by
Pt . HerePt has dimension 1 as it is complementary to the i-anti-invariant
part in J (Ct ). Indeed J (Ct ) has dimension
1+deg(R)/2
by the Riemann-Hurwitz formula (R is the ramification locus). Therefore
the dimension of i-antiinvariant part is
deg(R)/2,
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hence the dimension of Pt is 1.
Thereforewehave that themap fromSymmS˜ to A0(S˜) factoring through
the fibration
∏m
i=1P , here P is the abelian fibration of the abelian vari-
etiesPt over L. So the dimension of
m∏
i=1
P
is 2m. Therefore the map from SymmS˜ to
∏m
i=1P is generically finite.
Since the fibers of P → L are of dimension 1, we have that the fibers
are elliptic curves. So we have
m∏
i=1
P
is a product of surfaces with elliptic fibrations. Note that Pt is isomor-
phic to Jt . Hence P ∼= J . Therefore the group im(λg∗) is dominated by
m∏
i=1
J
or by
Symm J ,
wherem varies over natural numbers. Now consider the following com-
mutative diagram:
Symm Jt

// Symm J
θ

A0(Jt )∼= Jt // A0(J )
Then the fibers of the right hand side vertical map contains the image of
the fibers of the left-hand side verticalmap,which arePm by theRiemann-
Roch theorem (whenm ≥ 2). Therefore the fiber of the map
Symm J→ A0(J )→ im(λg∗)
contains a projective space Pm , as the map from A0(J )→ im(λg∗) is sur-
jective. Actually the family of θ−1(z + i z) such that z is supported on Jt
contains a projective bundle over Jt . Now we choose an ample smooth
projective curve C in |L|. Since K J .L+L
2 is bounded, by adjunction for-
mula,we have that the genus ofC is bounded and less thanm. We choose
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m to be much bigger than the genus of C , then the divisor
∑
i pr
−1
i
C on
Jm intersects the fibers of themap
Jm→ Symm J→ A0(J )→ im(λg∗) .
Therefore the image of the above map is actually the image of Jm−1×C .
Consider themap
Jm−1→ Jm−1×C→ im(λg∗) .
Then again by the previous process the fibers of the above map are sup-
ported on
Jm−2×C 2 .
By continuing this process, the fibers of the map
Jm→ im(λg∗)
are supported on
Jm−i ×C i .
Here i is the number of iterations such that i is less than the dimension
of the fiber of the map
Symm Jt → Jt
which is by Riemann-Roch theorem, equal to m. Therefore, when i >
g (C ), the image of Jm under λ is same as Jm−i ×C i , which is same as
Jm−i ×C g . Therefore we have that
λ(Jm)=λ(Jm−i+g )
So the image of Jm under λ is same as the image of J l under λ for l <m.
Hence the image of λg∗ is finite dimensional by [Voi][lemma 3.1].


Corollary 2.4. Let S be the branched double cover of an elliptic K3 surface
F , let i be the involution on S involution i . Then the corresponding Jaco-
bian fibration J associated to the elliptic pencil does not have an ample
line bundle L on it, such that it satisfies the following property:
Given any positive integer m as in the above theorem, the number of
iterations i is greater than (L2+L.K J )/2+1.
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Proof. If there exists such line bundles then it will follow from the pre-
vious theorem 2.1 that A0(F ) is finite dimensional, which is not true be-
cause geometric genus of F is greater than zero. 
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